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On the Arithmometer of M. Thomas (de Colmar), and its application
to the Construction of Life Contingency Tables. By PETER
Gray, F.R.A.S., F.R.M.S., Honorary Member of the Institute
of Actuaries.

(Continued from page 32.)
PROBLEM VIII.—To construct a table for the formation of

Survivorship Assurances. |

A survivorship assurance on (z) against () 1s an assurance
payable at the end of the year in which the combination (2.¥) 1s
dissolved, provided the dissolution is caused by the death of ().

The value of this assurance, in respect of the nth year, 1s the
value of the sum payable (supposed a unit) into the probability of
the concurrence of these two events, namely, that (2) shall die m
that year, and that (y) shall live over half of it. This gives

Ay V™

.y

7

in which Ay=34(l, 4+ ly+1).
Summation of this expression, for the proper values of n, will give
the value of the assurance with reference to the whole or any
portion of the future lifetime of ().

Making n=1, and multiplying numerator and denommator by
v® for the compartment of the table in which # 1s not less than ,
and by ¥ for that in which y is not less than z, we have the
following expressions for the value in respect of the first year in
the two cases:—

dszm+1
D,

d.r.)\*yﬂy-l-l
Dzy

, and

Consequently, D, , having been already formed, we have now to
form only the numerators of these expressions, of the first for
every combination of z and y 1n which z is not less than ¥, and of
the second for every combination in which y is not less than z.
The following is the commencement of the two series d, and
A, with their differences. The former is given in the mortality
table, and the latter is formed in accordance with the relation

ly:%(@'*‘zyﬂ)'
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&y & A Ay A

97 9 45
6 40 31 290 - 24°5
3] 86 46 92'0 630
4 139 03 2045 112-5
3 195 56 3715 167-0
2 254 99 5960 224°5
1 329 75 887-5 2915
0 408 79 12560 3685

89 495 87 17075 451°5
8 615 120 22625 5550
7 773 158 29565 694-0
6 941 168 88135 8570
o 1138 197 48530 10395
4 1346 208 60950 12420
3 1545 199 75405 14455
2 1719 174 9172'5 16320
1 1883 164 109735 18010
0 2015 132 129225 19490
¥* * * * %

It may be well to remark that, the terms being arranged in
reverse order, 1t is necessary, for the purpose of securing the
correspondence of the differences with the ages to which they
mdividually belong, to place them each against the term which
constitutes the minuend in its formation. And they are all pro-
perly negative,

The formation for each age of the functions dv*+1 and A pv+1
1s the next step. TFor this purpose the Arithmometer comes into
use. The commencement of the formation is here shewn, but it is

so plain as not to stand in need of explanation.

&y prt] Az dpv¥+1 Ay Ayv¥+1
97 | 5520164 9 496815 45 24841
6 | 5685769 40 2274308 290 164887
5 | 5856342 86 0036454 920 538783
4 | 6032032 | 139 8384:524, 2045 1233551
3 | 6212993 | 195 | 12115336 3715 2308127
2 | 6399383 | 254 | 16254483 5960 8814032
1l 1 6591364 | 329 | 21685588 8875 0849836
016789105 | 408 | 27699548 | 12560 8527116
89 | 6992779 | 495 | 84614256 | 17075 11940170
8 | 7202562 | 615 | 44295756 | 22625 | 1629579
7| 7418639 | 773 | 57346079 | 29585 21933206
6| 7641198 | 941 | 71908673 | 88135 | 29139709
5 | 7870434 | 1138 | 89565539 | 48530 | 381952184
4| 8106547 | 1346 | 91141226 | 60950 | 49409404
S | 8349743 | 1545 | 129008529 | 75405 | 62961937
2 | 8600236 | 1719 | 147838057 | 91725 | 78885665
1| 8858243 | 1883 | 166800716 | 109735 | 97205930
0| 9123990 | 2015 | 183848399 | 129225 | 117904761
% % £ % ¥ *
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We are now prepared for the principal formations.
When z is equal to or greater than y, we have, if y vary,

A oot = dohyv® 1L ANy

whence

ANy 5107 T = d A" 14 g A=t ANy ;
and for the formation in reverse order, by transposition,

Ao+ = dghy 101 — Ay L AN

Finally, changing y into y—1,
de_lﬂ“’H — dm'hyvm—i-l E_d a:}\»gr—lﬂm+1- &7\-@“—1 '

By this formula, which 1s
2 e to be constructed; but Ax,_, being negative, the

to be set for addition.
The following is a specimen of the process.

125

of the form P —QR, the required values
egulator has

x>y
z| dap5tl | Ay |2z| Diff. 0. DT, 1. Diff. 2. Diff. 3. Diff. 4.
97| 49682 45/97 '02236 ‘14408 ‘45507 1°01600 1'84569
245
6 227431 290 ‘65955 2-09236 4:65094| =~ 844902| 1855483
630! 6 ‘68191 223644 5'1080T g'46502|  15'40052
5| 503645 920 463354 1029956 18-710444  30-01730 44-69858
1125 5 £.31545 12°53000 2381845 39'48232| 6009910
4| 838452| 2045 1714634 31-14849] 499717 | 74,4126 | 1053096
1670 4| 22:46179| 4368449 7377902 | 1138949 165°4087
3|1211534¢ 3715 450085 #9-9074 | 1075236 | 152°1687 206-8694
2245| 3| 0774703 1158919 | 181°3138 266°0636 | 37224781
2/1625443| 5960 96:8765 | 1442582 | 2041558 | 2775446 367-7567
F 20915 2| 164'3468 | 26071501 3854606 | 543'6082 | 7400348
112168559] 8875 192:4595 | 2723709 | 370-2815 4906362 | 641°1342
3685| 1| 3568063 | §32°5210 | 7557509 | 1034 2444 1381°1690
0|2769955(12560 3479062 | 4729696 | 6267021 | 818'9369 1056-322
4515| 0 70477125 | 1005°4906 | 1382°4530 1853°1813 | 2437°491
89|3461426(17075 591-0385 7831476 | 10233706 | 1320°0148 1679-830
gg50/89| 12957510 17886382 2405°8236 | 31731961 | 4117°321
84429576|22625 1002192 | 1309604 | 1689-219 2149673 | 2699'827
6940| 8| 2207°943 | 3098242 | 4095043 | 532 2869 | 6817148
715734608!29565 1605437 | 2186893 | 2783005 3495'244 | 4324181
8svo| 7| 3993380 | 5285'135 6878048 | 8818'113 |11141°329
6|7190367|38135 2742047 | 3489-486 4382:529 | 5421-897 | 6595365
10395 6 0735°427 8r74:621 |11260°577 |142470010 174736694
5/8956554/48530 4346616 | 5459020 | 6753690 821'5399 | 9828475
5l11082'043 (14233641 18014°267 |22435'409 |27565'169
# # e * 3 % * *
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Here, as 1 the example of the last problem, to facilitate the
subsequent summations, # is constant in the rows, and x—y in
the columns. The results, as they arise, have consequently to be
written 1n the rows, commencing i each case m the first column,
Diff. 0. There are 1 the example two columns headed . The
ages 1n the first of these columns are opposite the rows in the
principal columns occupled by the successive terms of d. A1,
and the ages i the second are opposite the rows occupied by the
summations of the same function. The columns between those
containing the values of z, are occupied, as shown, by the terms of
two of the series whose formation has been exemplified.

The process of formation is as follows. To form the row cor-
responding to any given value of z, take the proper term of
dv*+1 for the in-factor, and multiply continuously by the adjoining
term of A,, and the differences of this series, commencing with
AXN,_1. The regulator 1s at addition throughout, since the differ-
ences of A, are negative. A slip containing the differences should
be placed on the machine in front of the operator; and to aveid
error, each difference as it 1s used should be covered with a paper
weight.*

Series for verification may be formed as follows :—

The function is

0
Hence 1f z vary,

Az (dAp* ) =0, . A(d 02 T1);
AW R R WNC ALY
or, changing z mto #—1,
B Ag0® T =dp 1007 +NyA (dp_107).

The series thus indicated is one that, commencing in Column O,

(z=y,) ascends diagonally. The formation, commencing with
age 85, 1s as follows :—

* A better plan, perhaps, will be to insert the differences, as in the example,
between the terms from which they arise.
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Here, as in the example of the last problem, to facilitate the
subsequent summations, « is constant i the rows, and x—vy 1n
the columns. The results, as they arise, have consequently to be
written in the rows, commencing in each case in the first column,
Diff. 0. There are in the example two columns headed 2. The
ages in the first of these columns are opposite the rows in the
principal columns occupied by the successive terms of d R,
and the ages in the second are opposite the rows occupied by the
summations of the same function. The columns between those
containing the values of , are occupied, as shown, by the terms of
two of the series whose formation has been exemplified.

The process of formation is as follows. To form the row cor-
responding to any given value of z, take the proper term of
d.4*+1 for the in-factor, and multiply continuously by the adjomnmg
term of N,, and the differences of this series, commencing with
Ah,_;. The regulator is at addition throughout, since the differ-
ences of A, are negative. A slip containing the differences should
be placed on the machine in front of the operator; and to aveid
error, each difference as it is used should be covered with a paper
welght.*®

Series for verification may be formed as follows i—

The function is

A, v+

Hence if « vary,
A g(d X)) = hy A d =) 5
d s g™+ 2= dgh? 1+ My A (dy# 1
or, changing z into z—1,
doA T =dg N0 + Ny A (dp_107).

The series thus indicated is one that, commencing in Column 0,

(z=y,) ascends diagonally. The formation, commencing with
age 85, is as follows :—

% A better plan, perhaps, will be to insert the differences, as in the example,
between the terms from which they arise.
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x Ad v+l Aggdp® ]
85 4346616
6 1766187 3489486
i 1455759 2783005
8 1305032 2149673
9 | 968150 1679830
90 691471 1344259
T 601396 10562401
2 543116 7888280
3 413909 5879575
4 373082 4069008
5 334807 2444194
6 276214 1103718
7 177749 241107
49682 000000

Taking Ags for the m-factor, we have here for the initial term
Ags X dgsv®0, =4346616 ; and the succeeding terms are formed by
continuous multiplication by the differences of the series d p*+1,
the regulator being set for subtraction. Verification is had by the
term beyond 97 coming out equal to O.

We have now to attend to the construction of the values of the
function for the combinations in which # is equal to or less than v.

The function 1s,

Ay 1
and if x vary we have,
O AdaA ) =ner L AL,
Whence,

Az MY T =d AV P4 A0 T Ad,
and for the formation in reverse order,

BtV T =g AL ¥ A
And changing @ into 2 —1,

dp_ 100 T =d NV 1N 0¥ L AdL,

which 1s the working formula.
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The following is an example, showing the commencement of
the process.

T<y
y| aovtl | d, |y ! Diff. 0. Diff. 1. Dift. 2. Dift, 3. Diff. 4,
97| 24841 997 ‘02236 ‘09936 21363 ‘34329 ‘48440
31
6] 164887 40 65955 1-41803 2-29194 3:21531 4-18814
46, 6 68191 151739 250557 356060 467254
5| 938783| 86 4r63354 748909 10'50628 13:68510, 17-72598
| 33| ©| _5'31545  9'00648|  13'01185| 17724570 22°39852
44 1233551] 139 17:14635 2405423 31'33218 40-58381 0032886
56/ 4/ 22'46180| 33060711  44'34403 5782951 7272738
3| 2308127 195 4500848  58'62643| 7593738 94:17158| 114-2523
59/ 8| 67'47028) 91'68714| 120'28141| 152'00109| 186°gY9Y
2| 8814032| 254, 96-87643| 1254817 | 1556125 | 1887946 | 234:5630
75| 2| 164'346711 217'1688 | 2758939 | 340'7957 | 421°5427
1| 5849836 329 192'4596 | 2386733 | 2895668 | 3597649 | 452-1922
— 79| 1| 3508063 | 4558421 | 5654607 | 700°5606 | 8737349
0| 8527116| 408 347-9063 4220922 524-4176 6591460 | 8024015
871 0] 4047126 | 877°9343 | 1089'8783 | 1359°7066 | 16761364
89/1194017 | 495 591-0384. | 734-3205 922-9751 | 1123570 1358791
12089 1205°7510 | 1612'2548 | 20128534 | 2483277 | 30347927
8/1629580 | 615 1002-191 1259665 1533-434 | 1854-461 2193-414
158| 8| 2297942 | 2871920 | 3546°287 | 4337738 | 5228341
72193321 | 773 1695437 | 2063915 | 2495999 | 2952:209 | 3388:680
168 7| 3993'379 | 4935835 | 6042'286 | v289'947 | 8617021
6/2913971 | 941 | 2742047 | 3316099 | 8922-204 | 4502:085 | 5009116
197\ 6| 6735°426 | 8251°934 | 9964'490 [11792'032 13626137
53819522 |1138 4346615 5141-076 0901°161 6565757 7192159
o[11082'041 (13393'010 (15865651 |18357'589 120818296
* * L% % % * * . *

The formation here is in such entire accordance with that of
daAyv* "1, already given, that explanation of it would seem to be
superfluous. ~ Comparison of the two examples will show that they
differ only by the interchange of 2 and y, d®*! and A,¥*1,
and A, and d,.
term of each row is the product of the values of the two functions
In lime with it; and the succeeding terms are produced by the
continuous employment as multipliers of the series of differences
in the column adjoining that headed Diff. 0.

The formation of the verification series here is also in accord-
ance with that of the series for the verification of d \,v%+1.

The process in both is the same.

The leading




1874.1  to the Construction of Life Contingency Tables. 129

o ANyvy+ dgsy 0¥ +1
85 4346615
6 905551 3316099
7 720650 2495999
8 563741 1854461
9 435563 1358791
90 341305 9703857
1 267728 6657112
2 203581 4340369
3 150590 2626649
4- 107458 1403780
5 69477 613136
6 37389 187642
7 14005 28269

24:84 00000

The formation of the functions d,A,»**! and d A ¥*! having
been completed, there remain the summations of the terms to
be performed. This is rendered a very simple matter mn con-
sequence of the arrangement adopted, which is that suggested by
General Hannyngton in the case of the construction of D,.,. To
ensure accuracy the columns should first be added m groups of ten
or fifteen terms; and the sums being carried forward, will serve as
checks in the final summation.

It is the results of these final summations that are tabulated,
each of them having reference to the entire after-lifetime of the
combination opposite which it is placed.

To suit the form of the table, it is requisite now to make a
change in the nomenclature that up to this point has been
employed. The symbols # and y have been used hitherto to denote
the ages of the life assured and the life assured against, respec-
tively. This appropriation of the symbols was convenient so long
as we were concerned with merely the construction of the terms ;
but it is otherwise when we come to consider the arrangement
which will most facilitate the use of the table. The only tables of
this kind that have been published are the valuable and extensive
tables of Mr. David Chisholm, founded on the Carlisle Table of
Mortality ; and we cannot do better than adopt the arrangement
and notation of which Mr. Chisholm has set the example m his
work. In the sequel, therefore, when the ages are other than equal,
2 will stand for the older of the two, and y for the younger ; and
the two sets of results will be arranged in parallel columns,
designated respectively by the symbols M:— and M—., the
analogy of which to those which denote the values of Survivorship
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Assurances on (z) and (y) is apparent. We may also, if we please,
form a column M,.,, by adding together the corresponding terms

in the two preceding columns.
The following is a specimen of the final arrangement.

Ihft. 2.
gt 1
& Y .y Mz Mo y
85 83 1801427 1586565 3387992
86 84, 1126058 996449 2122507
87 85 6878-05 604229 1292034
88 86 409504 354629 7641:33
89 87 240582 2012-85 441867
90 88 138245 1089-88 2479233
91 89 755751 065461 1321:212
92 90 385470 275-894, 661-364
93 | 91 181814 |  120:281 301595
94, 92 73790 44344, 118134
95 93 23'818 13-012 36'830
96 94, 5108 2506 7-614
97 95 457 214 ‘671

In vol. v of the Journal, pp. 107 to 118, will be found a
prototype of the operation that forms the subject of the present
problem.

It is in place to mention that the examples here given, like

those in illustration of Problem VII. are pointed to correspond to
a radix of 10,000.

I have now completed the task I proposed to myself when
commencing the preparation of the present series of papers. I
have, I think, shown that the Arithmometer possesses a singular
adaptation to the construction of the tables required for Actuarial
use. The examples I have given by no means exhaust the capa-
bilities of the instrument in this department ; but the necessity for
here going further into the subject is precluded by the publication,
since my papers were commenced, of Mr. Ralph P. Hardy’s
remarkable work, entitled Valuation Tables, based upon the Insti-
tute of Actuaries’ Mortality Experience (HM) Table. M. Hardy’s
work contains complete tables, at four rates of interest, of most of
the functions which I have chosen for examples, and of others
besides, nearly all of them having been calculated by the aid of
the Arthmometer. It thus forms an extensive repertory of
examples for the use of such as desire to master the working of
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the machine, and to elicit its further capabilities. Had the work
veferred to been published, or had I known that it was In con-
templation, before I commenced the preparation of my papers,
they would, if they had appeared at all, have assumed a different
form from that which they now present. My, Hardy’s work 1s one
of unquestionable utility, and will form a Jasting monument of
the author’s skill and enterprise.

Tt will be sufficiently apparent, from what I have said, that I
quite concur in the laudatory terms in which Mr. Hardy, in his
preface, speaks of the Arithmometer. I also agree with him 1n
what he says as to the existence of room for improvement in the
strength and temper of certain of the materials employed. This
refers chiefly to the springs, which form the weak point of the
machine. Any improvement in form or material given to these,
which should remove or diminish the tendency to glve way that
they sometimes exhibit, would be hailed as a boon by all users of
the machine.

I hope it will not be deemed presumptuous if now, ere I close,
I venture respectfully to invite the attention of the makers of the
machine to two points, in regard to which 1 consider some modifi-
cation is desirable.

The first has reference to the manner In which the result
(when the process 1 use is multiplication) is presented. The
figures composing 1t are seen at the bottom of a series of holes,
that which I have designated 8,, being the upper series on the slide.
These holes are of the form of truncated hemispherical cavities,
a quarter of an inch deep (such being the thickness of the slide),
and five-eighths of an inch in diameter ; and a consequence of
this form is, that in working, with the paper at the right hand,
and especially if the numbers being dealt with are long ones, more
movement of the body, and more stooping over the machine than
is at all agreeable, become necessary, to avold mistake in reading
off the figures. A position and direction of the light, also, which,
probably, cannot always be conveniently commanded, are required
for a like reason.

The remedy for these inconveniences—for such I believe they
will be admitted to be by all who have had occasion to use the
machine extensively—would be, of course, a reduction in the depth
of the cavities at the bottom of which the figures appear. 1 do
not presume to suggest the manner in which this might be
accomplished ; T will only say that I see no insurmountable

mechanical difficulty in the way.
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The second point to which I refer, is the desirableness of
having the openings through which the figures appear individu-
ally numbered. To render my meaning plain, I give here a plan
of the machine, with the figures that I proposed inserted.

i A% W I =% W b
. 9 4 8 © 0 o

0O w
O
O =~
O =
O
Dok
O e
O
O =

* Note.—The asterisk indicates the position of the handle.

I frequently feel the want of this provision in setting factors
on the machine, having, in its absence, to count the holes ; and also
in performing multiplication from left to right.* T believe that those
practically acquainted with the machine will agree with me in thinkin g
that the additions I have suggested would facilitate its use.

* I find this the more convenient order, and I always practise it when it is safe
to do so—that is, when the number on 8; does not extend beyond the limit of the

carrying power of the machine; and also even when it does so extend, provided
that the leading figures change but slowly.

On the Solution of Problems connected with Loans repayable by
Instalments. By W. M. Makeuam, F.I.A.

THE only treatise of any value on this subject that I am acquainted
with is a paper by Mr. Peter Gray, in vol. xiv of the Journal of the
Institute of Actuaries. Considering the magnitude of the pecuniary
interests frequently involved in transactions of the nature referred
to, 1t 1s somewhat surprising that Mr. Gray’s valuable labours have
not, ere this, been followed up by contributions from other writers
on the doctrine of Interest and Annuities. This, I think, 1s much
to be regretted,—and must form my apology for the following
attempt to add something to what Mr. Gray has given us.

To find the value of a loan repayable by instalments at stated
periods of time, with interest in the meantime at the rate 7 on the



